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Abstract. When quantum elds are studied on manifolds with boundary, the corre-
sponding one-loop quantum theory for bosonic gauge elds with linear covariant gauges
needs the assignment of suitable boundary operators for elliptic dierential operators of
Laplace type. It is here shown that, on requiring that the full boundary operator should
be a projector, at least two sets of such operators are found to arise. The former leads
to the Gilkey{Smith boundary-value problem, i.e. mixed boundary conditions involving
both normal and tangential derivatives of the eld. The latter leads instead to boundary
conditions involving a nilpotent operator, two complementary projectors, a rst-order dif-
ferential operator on the boundary and the identity map. When the boundary operator is
allowed to be pseudo-dierential while remaining a projector, the conditions on its kernel
leading to strong ellipticity of the boundary-value problem are studied in detail. This
makes it possible to develop a theory of one-loop quantum gravity from rst principles
only, i.e. the physical principle of invariance under innitesimal dieomorphisms and the
mathematical requirement of a good elliptic theory.
1
1. Introduction
The space-time approach to quantum mechanics and quantum eld theory has led to several
deep developments in the understanding of quantum theory and space-time structure at
very high energies.1,2 In particular, we are here concerned with the choice of boundary
conditions. On using path integrals, which lead, in principle, to the appropriate formulation
of the ideas of Feynman, DeWitt and many other authors,2−5 the assignment of boundary
conditions consists of two main steps:
(i) Choice of Riemannian geometries and eld congurations to be included in the path-
integral representation of transition amplitudes.
(ii) Choice of boundary data to be imposed on the hypersurfaces 1 and 2 bounding the
given space-time region.
The main object of our investigation is the second problem of the above list, when a one-
loop approximation is studied for a bosonic gauge theory in linear covariant gauges. The
well posed mathematical formulation relies on the \Euclidean approach", i.e., in geometric
language, on the use of dierentiable manifolds endowed with positive-denite metrics g,
so that space-time is actually replaced by an m-dimensional Riemannian space (M; g).
The operator P of Laplace type, which acts on gauge elds, maps smooth sections of a
vector bundle V over M into smooth sections of the same bundle, i.e.
P : C1(V;M) ! C1(V;M);
and reads
P = −gabrarb − E; (1:1)
where gab is the contravariant form of the Riemannian metric for M , r is the connection on
V , and E is an endomorphism. In Ref. 6 a thorough investigation of boundary operators
for elliptic operators of the form (1.1) has been performed. The key elements we need to
recall are as follows.
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If the manifold M has a smooth non-empty boundary @M , two vector bundles over
@M , hereafter denoted by W and W 0, yield a complete description of the problem. The
boundary operator B maps smooth sections of W into smooth sections of W 0:
B : C1(W; @M) ! C1(W 0; @M):




 I − 

; (1:2)
where  and I − are complementary projectors, and  is a rst-order tangential dier-
ential operator





Γi bri + briΓi + S (I − ): (1:3)
With our notation, Γi are endomorphism-valued vector elds on the boundary, br is the
induced connection on @M , and S is an endomorphism on @M . By virtue of (1.3) one has
 =  = 0; (1:4)
and hence B is a projector, in that B2 = B. The boundary-value problem is meant to be
the pair (P; B), where P is the operator (1.1) and B is given in (1.2). The corresponding









where ;N denotes covariant dierentiation along the direction normal to the boundary, i.e.
Nara. Moreover, the boundary operator (1.2) may be expressed in the form
B = PL; (1:6)
where P is the map






0 I − 

; (1:7)
and L is a map
L : C1(W; @M) ! C1(W; @M)






















is a section of the bundle W of boundary data, whereas the auxiliary vector bundle W 0







At this stage, a naturally occurring question is whether all boundary operators which
are projectors are of the form (1.2) and can be factorized as in Eq. (1.6). For this
purpose, Sec. 2 studies all boundary operators which are projectors. From this general
analysis, a new boundary-value problem is obtained, as a particular case, in Sec. 3. Section
4 applies pseudo-dierential boundary operators to Euclidean quantum gravity, and the
corresponding strongly elliptic theory is worked out in some detail in Sec. 5. Concluding
remarks are presented in Sec. 6.
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2. All Boundary Operators Which Are Projectors
Our aim is to understand under which conditions a projector P gives rise to a projector
B such that B = PL as in Eq. (1.6). To obtain equations in a form as general as possible







where ; ; γ;  are, for the time being, some unknown operators to be determined by
imposing suitable restrictions (see below). The projector condition P 2 = P yields therefore
four operator equations, i.e.
2 + γ = ; (2:2)
 +  = ; (2:3)
γ+ γ = γ; (2:4)
γ + 2 = : (2:5)
A particular solution of Eqs. (2.2){(2.5) is given by the case in which
 = γ = 0; (2:6)
2 = ; (2:7)
2 = ; (2:8)
+  = I: (2:9)
This yields the operator P in the form (1.7) appropriate for the Gilkey{Smith boundary-
value problem.7 Without such restrictive assumptions, we get instead from Eqs. (2.2){(2.5)
the equations
(− I) = −γ; (2:10)
 = I − −1; (2:11)
 = I − γ−1γ; (2:12)
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( − I) = −γ; (2:13)
provided that  and γ can be inverted.
3. A New Boundary-Value Problem
Various choices of one of the four unknown operators in (2.10){(2.13) lead now to dierent
options. For example, on setting  = −I, one nds from (2.13)
γ = −2−1; (3:1)
and hence (see (2.12))
 = 2I; (3:2)
whereas Eqs. (2.10) and (2.11) are then found to reduce to identities. A much richer
scheme is obtained on setting
 = I; (3:3)
which implies that Eqs. (2.2){(2.5) reduce to (cf. Eqs. (2.10){(2.13))
(− I) = −γ; (3:4)
 = 0; (3:5)
γ = 0; (3:6)
γ = 0: (3:7)
Equations (3.5){(3.7) are solved by
 = e(I −); (3:8)
 = e; (3:9)
γ = eγ(I − ); (3:10)
where, to agree with Eq. (3.4), the operator e has to obey the condition
e(I − ) = eeγ(I − ); (3:11)
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and hence can be taken to be of the form
e = eeγ: (3:12)
So far, no special assumption is necessary on the unknown operators e and eγ, apart from
requiring that eeγ should not commute with the projector , i.e.
eeγ− eeγ 6= 0; (3:13)
since otherwise  would vanish.
To sum up, the projector P can take the form
P =

eeγ(I −) eeγ(I − ) I

: (3:14)
Now if the operator L is taken to coincide with the operator (1.8), the resulting boundary
operator B = PL turns out to be
B =

eeγ(I − ) eeγ(I − ) +  I

; (3:15)
provided that the further restriction
e = 0 (3:16)
holds. By virtue of the hypothesis expressed by Eq. (1.4), a sucient condition for the
validity of Eq. (3.16) is that e commutes with , i.e.
e− e = 0: (3:17)
The boundary operator (3.15) is then found to satisfy the projector condition B2 = B,
by virtue of (1.4) and (3.17). The counterpart of Eq. (1.5) for the boundary conditions
becomes therefore, with the boundary operator in (3.15),
eeγ(I − )[’]∂M + e[’;N ]∂M = 0; (3:18)
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eγ(I − ) + [’]∂M + [’;N ]∂M = 0: (3:19)
Equation (3.19) may be solved for [’;N ]∂M in the form
[’;N ]∂M = −
eγ(I − ) + [’]∂M ; (3:20)
and its insertion into Eq. (3.18) yields
−e[’]∂M = 0: (3:21)
The simple but non-trivial point is that, by virtue of the assumptions (1.4) and (3.17), Eq.
(3.21) does not force ’ to vanish on the boundary of M , and hence a non-trivial solution
(3.20) can be found. This leads in turn to boundary conditions which are not mixed, but
generalize Robin boundary conditions by the inclusion of tangential derivatives in  and
further non-trivial terms (e.g. an integro-dierential part) in eγ. The assumption (3.17)
is therefore crucial not only to ensure that B2 = B, but also to nd non-trivial solutions
of Eqs. (3.18) and (3.19) which express the boundary conditions. The \risk" of nding
trivial solutions is indeed already shown by the calculation of detB = −e.
4. Application to Euclidean Quantum Gravity
In Euclidean quantum gravity, mixed boundary conditions on metric perturbations hcd oc-
cur naturally if one requires their complete invariance under innitesimal dieomorphisms,
as is proved in detail in Ref. 6. On denoting by na the inward-pointing unit normal to the
boundary, by
qab  ab − nanb (4:1)
the projector of tensor elds onto @M , with associated projection operator
 cdab  qc(a qdb); (4:2)












where a is the gauge-averaging functional necessary to obtain an invertible operator P cdab
on metric perturbations. When P cdab is chosen to be of Laplace type, a reduces to the






= E bcda rbhcd; (4:5)
where Eabcd is the DeWitt supermetric on the vector bundle of symmetric rank-two tensor




gacgbd + gadgbc − gabgcd

: (4:6)
The boundary conditions (4.3) and (4.4) can then be cast in the Gilkey{Smith form (1.5),
where  is the rst-order operator on the boundary dened in Eq. (1.3). However, the
work in Ref. 6 has shown that an operator of Laplace type on metric perturbations is then
incompatible with the requirement of strong ellipticity of the boundary-value problem (see
Sec. V), because the operator  contains tangential derivatives of metric perturbations.
To take care of this serious drawback, the work in Ref. 8 has proposed to consider in
the boundary condition (4.4) a gauge-averaging functional given by the de Donder term
(4.5) plus an integro-dierential operator on metric perturbations, i.e.
a(h)  E bcda rbhcd +
Z
M
 cda (x; x
0)hcd(x0)dV 0: (4:7)
We now begin by remarking that the resulting boundary conditions can be cast in the form
 0






where e reflects the occurrence of the integral over M in Eq. (4.7). It is convenient to
work rst in a general way and then consider the form taken by these operators in the








should remain a projector: B2 = B, we nd the condition
( + e)− ( + e) = 0; (4:10)
which reduces to
e = e; (4:11)
by virtue of (1.4).
In Euclidean quantum gravity at one-loop level, Eq. (4.11) leads to
 b ra c (x)
Z
M




 cda (x; x
0) qrcd (x
0)hqr(x0)dV 0; (4:12)




 b ra c (x)
cq
b (x; x
0)−  cda (x; x0) qrcd (x0)

hqr(x0)dV 0 = 0: (4:13)
Since this should hold for all hqr(x0), it eventually leads to the vanishing of the term
in square brackets in the integrand. The notation  cqb (x; x
0) is indeed rather awkward,
because there is an even number of arguments, i.e. x and x0, with an odd number of
indices. Hereafter, we therefore assume that a vector eld T and kernel e exist such that
 cqb (x; x
0)  T p(x)e cqbp (x; x0)  T pe c′q′bp : (4:14)
The projector condition (4.11) is therefore satised if and only if
T p(x)
h
 b ra c (x)e cqbp (x; x0)− e cdap (x; x0) qrcd (x0)i = 0: (4:15)
5. Strong Ellipticity
We are here concerned with the issue of ellipticity of the boundary-value problem of Sec.
4. For this purpose, we begin by recalling what is known about ellipticity of the Laplacian
(hereafter P ) on a Riemannian manifold with smooth boundary. This concept is studied
in terms of the leading symbol of P . It is indeed well known that the Fourier transform
10
makes it possible to associate to a dierential operator of order k a polynomial of degree
k, called the characteristic polynomial or symbol. The leading symbol, L, picks out the
highest order part of this polynomial. For the Laplacian, it reads
L(P ; x; ) = jj2I = gµνµνI: (5:1)
With a standard notation, (x; ) are local coordinates for T (M), the cotangent bundle of
M . The leading symbol of P is trivially elliptic in the interior of M , since the right-hand
side of (5.1) is positive-denite, and one has
det(L(P ; x; )− ) = (jj2 − )dim V 6= 0; (5:2)
for all  2 C − R+. In the presence of a boundary, however, one needs a more careful
denition of ellipticity. First, for a manifold M of dimension m, the m coordinates x are
split into m− 1 local coordinates on @M , hereafter denoted by x^k}, and r, the geodesic
distance to the boundary. Moreover, the m coordinates µ are split into m−1 coordinates
fjg (with  being a cotangent vector on the boundary), jointly with a real parameter
! 2 T (R). At a deeper level, all this reflects the split
T (M) = T (@M) T (R) (5:3)
in a neighbourhood of the boundary.6,9
The ellipticity we are interested in requires now that L should be elliptic in the
interior of M , as specied before, and that strong ellipticity should hold. This means that













’(r) = 0; (5:4)







 (’) =  0(’) (5:5)
and to the asymptotic condition
lim
r!1’(r) = 0: (5:6)
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Roughly speaking, the above construction uses Fourier transform and the inward geodesic
flow to obtain the ordinary dierential equation (5.4) from the Laplacian, with correspond-
ing Fourier transform (5.5) of the original boundary conditions. The asymptotic condition
(5.6) picks out the solutions of Eq. (5.4) which satisfy Eq. (5.5) with arbitrary boundary
data  0(’) (see (1.11)) and vanish at innite geodesic distance to the boundary. When
all the above conditions are satised 8 2 T (@M); 8 2 C − R+; 8(; ) 6= (0; 0) and
8 0(’) 2 C1(W 0; @M), the boundary-value problem (P;B) for the Laplacian is said to be
strongly elliptic with respect to the cone C −R+.
However, when the gauge-averaging functional (4.7) is used in the boundary condition
(4.4), the work in Ref. 8 has proved that the operator on metric perturbations takes the
form of an operator of Laplace type P cdab plus an integral operator G
cd
ab . Explicitly, one
nds8 (with Rabcd being the Riemann curvature of the background geometry (M; g))
P cdab = E
cd
ab (− +R)− 2E qfab Rcqpfgdp − E pdab R cp − E cpab R dp ; (5:8)






U cdab hcd(x) = −2Ersabrr
Z
M
T p(x)es cdp (x; x0)hcd(x0)dV 0; (5:10)
habV cdab hcd(x) =
Z
M2
hab(x0)T q(x)epqab(x; x0)T r(x)ep cdr (x; x00)hcd(x00)dV 0dV 00: (5:11)
We now assume that the operator on metric perturbations, which is so far an integro-
dierential operator dened by a kernel, is also pseudo-dierential. This means that it can
be characterized by suitable regularity properties obeyed by the symbol. More precisely,
let Sd be the set of all symbols p(x; ) such that
12
(1) p is C1 in (x; ), with compact x support.































for some real (not necessarily positive) value of d. The associated pseudo-dierential op-
erator, dened on the Schwarz space and taking values in the set of smooth functions on
M with compact support:




ei(x−y)ξp(x; )f(y)(y; ); (5:13)
where (y; ) is here meant to be the invariant integration measure with respect to y1; :::; ym
and 1; :::; m. Actually, one rst gives the denition for pseudo-dierential operators
P : S ! C1c (Rm), eventually proving that a coordinate-free denition can be given and
extended to smooth Riemannian manifolds.
In the presence of pseudo-dierential operators, both ellipticity in the interior ofM and
strong ellipticity of the boundary-value problem need a more involved formulation. In our
paper, inspired by the flat-space analysis in Ref. 10, we make the following requirements.
5.1 Ellipticity in the Interior
Let U be an open subset with compact closure in M , and consider an open subset U1
whose closure U1 is properly included into U : U1  U . If p is a symbol of order d on U ,
it is said to be elliptic on U1 if there exists an open set U2 which contains U1 and positive
constants C0; C1 so that
jp(x; )j−1  C1(1 + jj)−d; (5:14)
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for jj  C0 and x 2 U2, where jj 
p
gab(x)ab. The corresponding operator P is then
elliptic.
5.2 Strong Ellipticity in the Absence of Boundaries
Let us assume that the symbol under consideration is polyhomogeneous, in that it admits





where each term pd−l has the homogeneity property
pd−l(x; t) = td−lpd−l(x; ) if t  1 and jj  1: (5:16)
The leading symbol is then, by denition,
p0(x; )  pd(x; ): (5:17)
Strong ellipticity in the absence of boundaries is formulated in terms of the leading symbol,
and it requires that
Re p0(x; )  c(x)jjd; (5:18)
where x 2 M and jj  1, c being a positive function on M . It can then be proved that
the Ga¨rding inequality holds, according to which, for any " > 0,
Re(Pu; u)  bkuk2d
2
− b1kuk2d
2−ε for u 2 H
d
2 (M); (5:19)
with b > 0.
5.3 Strong Ellipticity in the Presence of Boundaries
The homogeneity property (5.16) only holds for t  1 and jj  1. Consider now the case
l = 0, for which one obtains the leading symbol which plays the key role in the denition
of ellipticity. If p0(x; )  pd(x; )  L(P ; x; ) is not a polynomial (which corresponds
to the genuinely pseudo-dierential case) while being a homogeneous function of , it is
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irregular at  = 0. When jj  1, the only control over the leading symbol is provided by




















We therefore come to appreciate the problematic aspect of symbols of pseudo-dierential
operators.10 The singularity at  = 0 can be dealt with either by modifying the leading
symbol for small  to be a C1 function (at the price of loosing the homogeneity there), or
by keeping the strict homogeneity and dealing with the singularity at  = 0:10
On the other hand, we are interested in a denition of strong ellipticity of pseudo-
dierential boundary-value problems that reduces to Eqs. (5.4){(5.6) when both P and
the boundary operator reduce to the form considered in Sec. 1. For this purpose, and
bearing in mind the occurrence of singularities in the leading symbols of P and of the
boundary operator, we make the following requirements.
Let (P+G) be a pseudo-dierential operator subject to boundary conditions described
by the pseudo-dierential boundary operator B (the consideration of (P +G) rather than
only P is necessary to achieve self-adjointness, as is described in detail in Refs. 10 and
11). The pseudo-dierential boundary-value problem ((P +G);B) is strongly elliptic with
respect to C −R+ if:
(I) The inequalities (5.14) and (5.18) hold;













’(r) = 0; (5:40)







 (’) =  0(’) (5:50)
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and to the asymptotic condition (5.6). It should be stressed that, unlike the case of
dierential operators, Eq. (5.4’) is not an ordinary dierential equation in general, because
(P +G) is pseudo-dierential.
(III) The strictly homogeneous symbols associated to (P+G) and B have limits for jj ! 0
in the respective leading symbol norms, with the limiting symbol restricted to the boundary
which avoids the values  62 C −R+ for all fx^g.
Condition (III) requires a last eort for a proper understanding. Given a pseudo-
dierential operator of order d with leading symbol p0(x; ), the associated strictly homo-
geneous symbol is dened by10






for  6= 0: (5:21)
This extends to a continuous function vanishing at  = 0 when d > 0. In the presence of
boundaries, the boundary-value problem ((P +G);B) has a strictly homogeneous symbol
on the boundary equal to (some indices are omitted for simplicity)

ph








(fx^g ; fg ;−i ∂∂r 

;
where ph; gh and bh are the strictly homogeneous symbols of P;G and B respectively,
obtained from the corresponding leading symbols p0; g0 and b0 via equations analogous
to (5.21), after taking into account the split (5.3), and upon replacing ! by −i ∂∂r . The
limiting symbol restricted to the boundary (also called limiting -dependent boundary
symbol operator) and mentioned in condition III reads therefore10
ah







(fx^g ; r = 0;  = 0;−i ∂∂r + gh (fx^g ;  = 0;−i ∂∂r − 
bh
(fx^g ;  = 0;−i ∂
∂r
  ; (5:22)
where the singularity at  = 0 of the leading symbol in absence of boundaries is replaced
by the singularity at  = 0 of the leading symbols of P;G and B when a boundary occurs.
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To gure out what sort of modications can be introduced by the scheme just outlined,
two relevant particular cases are studied hereafter.
(i) If e is a pseudo-dierential operator of order 1, the leading symbol of the boundary




i(T + eT ) I − 

; (5:23)
where T  Γjj and eT results from the occurrence of e. The sucient condition for nding
solutions of Eq. (5.5’) for all  0 reads now
(T + eT )2 + jj2I > 0 8 6= 0; (5:24)
because one can simply replace T with T + eT in the analysis of Ref. 6, if Eq. (5.23) holds.
Thus, if e is chosen in such a way that
(T + eT )2(fx^g ; fg) > 0 8 6= 0; (5:25)
Eq. (5.5’) can always be solved with arbitrary  0(’). The condition (5.25) can be made







Thus, on dening (with e ia being a local tangent frame on @M)
a  e ja j ; (5:27)
and introducing the nilpotent matrices
(p1) cdab  nanb(c nd); (5:28)
(p2) cdab  n(a b)ncnd; (5:29)
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the work in Ref. 6 nds the useful formula
T = − 1
(1 + )
p1 + p2; (5:30)
and this should be inserted into (5.25) to restrict the kernel of e, whose leading symbol is
equal to ieT . The resulting restriction on  should be made compatible with the values of
 for which the ellipticity condition (5.14) is fullled in the interior of M . From this point
of view, one has denitely more choice than in the case of the local boundary operator
(4.9) for an operator of Laplace type on metric perturbations, because the values of  for
which the condition
T 2 + jj2I > 0 8 6= 0 (5:31)
holds (cf. (5.24)) are incompatible with the occurrence of an operator of Laplace type on
metric perturbations.6
(ii) If e is a pseudo-dierential operator of order d > 1 (but not necessarily integer), the
leading symbol of the boundary operator (4.9) can be expressed in the form
L(B) =

 0bT I − 

: (5:32)
The sucient condition for nding solutions of Eq. (5.5’) reads instead
− bT 2 + jj2I > 0 8 6= 0: (5:33)
It is therefore sucient to choose e in such a way that
bT 2 < 0 8 6= 0: (5:34)
6. Concluding Remarks
The aim of theoretical physics is to provide a clear conceptual framework for the wide
variety of natural phenomena, so that not only are we able to make accurate predictions to
be checked against observations, but the underlying mathematical structures of the world
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we live in can also become suciently well understood by the scientic community. What
are therefore the key elements of a mathematical description of the physical world? Can we
derive all basic equations of theoretical physics from a few symmetry principles? What do
they tell us about the origin and evolution of the universe? Why is gravitation so peculiar
with respect to all other fundamental interactions?
The above questions have received careful consideration over the last decades, and
have led, in particular, to several approaches to a theory aiming at achieving a synthesis of
quantum physics on the one hand, and general relativity on the other hand. This remains,
possibly, the most important task of theoretical physics. The need for a quantum theory of
gravity is already clear from singularity theorems in classical cosmology. Such theorems12
prove that the Einstein theory of general relativity leads to the occurrence of space-time
singularities in a generic way. At rst sight one might be tempted to conclude that a
breakdown of all physical laws occurred in the past, or that general relativity is severely
incomplete, being unable to predict what came out of a singularity. It has been therefore
suggested that all these pathological features result from the attempt of using the Einstein
theory well beyond its limit of validity, i.e. at energy scales where the fundamental theory
is denitely more involved. General relativity might be therefore viewed as a low-energy
limit of a richer theory, which achieves the synthesis of both the basic principles of modern
physics and the fundamental interactions in the form presently known.
Within the framework just outlined it remains however true that the various ap-
proaches to quantum gravity developed so far suer from mathematical inconsistencies, or
incompleteness in their ability of accounting for some basic features of the laws of nature.
From the point of view of general principles, the space-time approach to quantum mechan-
ics and quantum eld theory,1−3 and its application to the quantization of gravitational
interactions, remains indeed of fundamental importance.4,5 When one tries to implement
the Feynman \sum over histories" one discovers that, already at the level of non-relativistic
quantum mechanics, a well dened mathematical formulation is only obtained upon con-
sidering a heat-equation problem. The measure occurring in the Feynman representation
of the Green kernel is then meaningful, and the propagation amplitude of quantum me-
chanics in flat Minkowski space-time is obtained by analytic continuation. This is a clear
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indication that quantum-mechanical problems via path integrals are well understood only
if the heat-equation counterpart is mathematically well posed. In quantum eld theory
one then deals with the Euclidean approach, and its application to quantum gravity relies
heavily on the theory of elliptic operators on Riemannian manifolds.9 To obtain a complete
picture one has then to specify the boundary conditions of the theory, i.e. the class of Rie-
mannian geometries with their topologies involved in the sum, and the form of boundary
data assigned on the bounding surfaces.
In particular, recent work in Ref. 6 has shown that the only set of local boundary
conditions on metric perturbations which are completely invariant under innitesimal dif-
feomorphisms is incompatible with the request of a good elliptic theory. More precisely,
while the resulting operator on metric perturbations can be made of Laplace type and
elliptic in the interior of the Riemannian manifold under consideration, the property of
strong ellipticity dened at the beginning of Sec. 5 is violated. This is a precise math-
ematical expression of the request that a unique smooth solution of the boundary-value
problem should exist which vanishes at innite geodesic distance from the boundary. This
opens deep interpretive issues, since only for gravity does the request of complete gauge
invariance of the boundary conditions turn out to be incompatible with a good elliptic
theory.6
We have been therefore led to consider non-local boundary conditions for the quantized
gravitational eld at one-loop level.8,11 On the one hand, such a scheme already arises in
simpler problems, i.e. the quantum theory of a free particle subject to non-local boundary
data on a circle.13 One then nds two families of eigenfunctions of the Hamiltonian: surface
states which decrease exponentially as one moves away from the boundary, and bulk states
which remain instead smooth and non-vanishing. The generalization to an Abelian gauge
theory such as Maxwell theory can fulll non-locality, ellipticity and complete gauge invari-
ance of boundary conditions providing one learns to work with pseudo-dierential operators
in one-loop quantum theory.14 On the other hand, in the application to quantum gravity,
since the boundary operator acquires new kernels responsible for the pseudo-dierential
nature of the boundary-value problem, one might hope to be able to recover a good elliptic
theory under a wider variety of conditions. This has been shown in detail in the second
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part of Sec. 5, where the inequalities (5.14) and (5.18) express ellipticity in the interior
of M , and an approach to the denition of strong ellipticity of the boundary-value prob-
lem has been proposed (see conditions (I), (II), (III) and the particular cases (i) and (ii)
therein). It therefore turns out that, if the pseudo-dierential operator (P + G) and the
pseudo-dierential boundary operator B are so chosen that all the above conditions hold,
invariance under innitesimal dieomorphisms (physics) and strong ellipticity (mathemat-
ics) can be achieved in Euclidean quantum gravity. Our abstract approach has also led to
an useful characterization of boundary operators in Secs. 2, 3 and 4.
It would be now very interesting to prove that, by virtue of the pseudo-dierential
nature of B in (4.9), the quantum state of the universe in one-loop semiclassical theory
can be made of surface-state type.13 This would describe a wave function of the universe
with exponential decay away from the boundary, which might provide a more \realistic"
description of quantum physics inside and outside the boundary at the Planck length
(instead of having to make arbitrary assumptions about the \external observer" in quantum
cosmology). It therefore seems that by insisting on path-integral quantization, strong
ellipticity of the Euclidean theory and invariance principles, new deep perspectives are in
sight. These are in turn closer to what we may hope to test, i.e. the one-loop semiclassical
approximation in quantum gravity. In the seventies, such calculations could provide a
guiding principle for selecting couplings of matter elds to gravity in a unied eld theory.
Now they can lead instead to a deeper understanding of the interplay between non-local
formulations,15,16 elliptic theory, gauge-invariant quantization and a quantum theory of
the very early universe.
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